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INTRODUCTION 
For many types of integral equations the method of moments can be 
utilized to obtain approximate solutions. These solutions are particularly 
convenient to use in design applications if low order results give the desired 
accuracy. 
Generally this form of solution is not common in standard mathematical 
texts although certain applications in the literature [l, 21 have been very 
successful in obtaining usable results to difficult problems. 
The restricted theory of the method of moments proceeds by assuming a 
function F(x), shown as a single valued function for simplicity only, can be 
successfully integrated over the range of interest a < x < b; thus the 
moments are defined as 
M, = 
J 
b dx x*F(x). (1) 
a 
Therefore a function whose solution is desired, like 
G(F(x)) = 0 (2) 
can have this moment operator applied to it producing a sequence of coupled 
equations for the moments 
@(M,J=o j=l,2 ,..., J; n-l,2 ,..., N. (3) 
The termination of this sequence at some maximum order N then allows 
for the solution of the various moments. The inverse solution is usually 
obtained by assuming a form, whose moments can be easily determined, for 
the solution and calculating the coefficients from the known moments. Thus, 
F(x) s i %f&) (4) 
j=l 
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and the aj are found by solving a set of linear equations. When the condition 
N > J occurs extra moments appear in Eq. (3) and this is commonly handled 
by assuming that these extra moments are linear combinations of the normally 
obtained moments [2]. 
SPECIAL CASES 
In applying this approximate solution to integral equations certain special 
situations occur that lead to different forms for the solution. The most 
important case is for the solution of separable equations. Thus a solution of 
two variables can sometimes be broken down into the product of two solutions 
having different arguments, such as 
F(& Y) = S(x) S(Y). (5) 
This simplication, or approximation as it may be, allows for the solution of 
the S-function directly as a particular combination of moments and eliminates 
the need for an inverse transformation. An example is shown in the next 
section. 
ALBEDO OF SEMI-INFINITE MEDIUM 
In the field of Radiative Transfer the reflection function, or albedo, from a 
semi-infinite region satisfies the nonlinear integral equation [4, 51 
where p = cos 19 and 0 is the polar angle of particles leaving the slab, while 
0, is the polar angle for entering particles. The Pi-function is defined by 
r&j = pi + [-- 11’ 11 4.&‘]i-1 R(a, c, P, P’) 
while a is the coefficient of linear anisotropic scattering and c is the coefficient 
of single scattering. The quantity a! is 
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Since the albedo is symmetric in p and p,, , a reasonable approximate 
solution is to assume that the solution is also separable. Therefore, let 
It is noted that this is not the H-function of Chandrasekar [4]. The application 
of the moment operators 
Mm = s ’ 4wmH(a, c, CL), w-9 0 
M, = j’ dpoponW, c, po), 
0 
(11) 
produces the coupled moment equation 
M&k!, + M,M,-1 - [$] [([m + 11-l + M,JL,Z * {[a + 11-l + W&3 
- a{[m + 21-l - M,M,) . {[n + 21-l - M,,M,}] = 0. (14 
If, however, only Eq. (11) is applied, the result is 
H@, c, P> = [+] {(n + 1)-l + K,M,, - ap[[n + 21-l - MoM,I) 
* + + M,-, - [+] 
1 (13) 
x {K,[[n + 11-l + M-J&l + aMi,[[n + 21-l - M,MJ)/-l. 
Thus, if the moments MO and M-, can be found, then Eq. (13) can be evalua- 
ted for the lowest order case of n = 0. 
In order to obtain these moments, Eq. (12) is evaluated for various m, n 
pairs producing the equations 
m = 0, n = 0: 
2Me1Mo = $ {[l + MOM-J2 - u[& - Mo212}, [ 1 (14) 
m=l, n=O: 
MO2 + MJK, = [$] l[+ + M&-,1 [l + M&L,] (15) 
- 4 - M,MoI It - Mo21>, 
m = 1, n = 1: 
2MoMI = 3 {[$ + MIMJ2 - a[$ - M,Mo]2}. 1 I (16) 
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Since the moments appear in pairs, define the following new variables: 
P = MOM-, , (17) 
q = MoW > (18) 
r = MIM-, , (1% 
(21) 
Equations (14) and (16) can then be put in the form 
where 
ASP’ + 4,~ + C, = 0, 
A,q2 + B,q + C, = 0, 
(22) 
(23) 
A, = $ [l - &I, 
[ I (24) 
A, = [$] [+ - a], (25) 
4 = - 2 + [$I [2 + a[], (26) 
Bq=-2+[$] [+a++], (27) 
(28) 
(2% 
It is noted that these coefficients are a function of f only for fixed values of c 
and a. Here Eq. (15) has the useful form 
5 = /I - [$I [ 1+Pw+:l+[~][f-q1~ 
* [P [- 1 + (7) (* - 9)]I-1. 
(30) 
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The solution to Eqs. (22), (23), and (30) has a closed form for a = 0 only. 
This is 
p, = - 1 + +- [I - dl - c], 
( 1 
PO rg=--, 
2 (32) 
For a # 0 an iterative solution is used where the initial guess is the values 
for a = 0, i.e., 5 = 4, and then Eqs. (22) and (23) are solved for p and Q, 
respectively. Equation (30) is then used as a checking equation and generates 
a value of E to be reused in Eqs. (22) and (23) a g ain. This procedure converges 
rapidly even for u-values near its theoretical maximum of unity. Table I 
gives some results for the values of p and [. It is noted that for c = 0, p = 0, 
6 = 3 and for c = 1, p = 1, .$ = fr represents the limiting cases for all 
u-values and are not shown in the table. 
TABLE I 
Solutions of Moment Equations for Anisotropic Scattering 
c = 0.1 c = 0.5 c = 0.9 
u-value P I P z P I 
0 0.02633 0.5000 0.1716 0.5000 0.5195 0.5000 
0.2 0.02509 0.5292 0.1655 0.5231 0.5114 0.5113 
0.4 0.02383 0.5386 0.1594 0.5313 0.5032 0.5160 
0.6 0.02257 0.5451 0.1531 0.5373 0.4948 0.5198 
0.8 0.02131 0.5501 0.1467 0.5423 0.4859 0.5233 
1.0 0.02004 0.5542 0.1400 0.5465 0.4767 0.5265 
The H-function of Eq. (13) can be put in a form utilizing the new variables, 
thus for n = 0 
wa, 6 CL) =[$] [l + p - ap(i - pE)] 
* I* [+ + ; - ($) [Y + u($ -PQ]]\-‘. 
(34) 
A particularly convenient form for the solution occurs for the isotropically 
scattering case, i.e., a = 0, when the albedo of Eq. (9) is evaluated. This is 
qo, c, tJ9 PO) = 2wl.%u + 2b + PO) d1 - c + 4wou - W’ (35) 
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Two integrated forms of the albedo are common and are defined by 
W, c, ~0) = I ‘6 R( 4 cy CL, PO) 0 PO ’ (36) 
R(a, c) = 2 1: dp 1: dt@(a, C, IA PO), (37) 
and represent the total reflected amount per unit input and the total reflected 
for an isotropic input respectively. 
COMPARISON WITH EXACT RESULTS 
The “exact” solution of Eq. (6) is usually found by an iterative scheme 
after the angular integrations are approximated by numerical integration 
formulas. Thus letting 
Rii = R(u, C, P; 9 c~j) (38) 
and using Gaussian quadrature formulas with integration weights wi produces 
the modified Newton-type iterative scheme 
ij = - CQ + [+I [Goi + Goi + a(% + Glj), (41) 
l-0, =1 + gw*, (42) 
(43) 
Gem = + , (9 
Gm = w,rlm , (45) 
and the common iteration index t has been omitted for the last series of 
equations. The procedure converges rapidly for any initial guess, like zero, 
for low c-values but the convergence is still quite slow for c-values near unity. 
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In this discrete form Eqs. (36) and (37) become 
N w.R.. 
Ri=x-=, 
i=l t%i 
R = 2 f wi 5 wjRij . (47) 
i=l j=l 
A comparison of the results for the total albedo and the isotropic input 
albedo evaluated for N = 5 are shown in Table II for a-values of 0, +, and 1 
respectively. It is noted that the approximation for the total and isotropic 
input albedos are exact for the two limiting cases of c = 0 and c = 1, being 
0 and 1 respectively for all values and thus these are not shown in the tables. 
TABLE II 
Total Albedos for Various Scattering Ratios and Anisotropic Parameters 
Total albedo, R(a, c, rO) Isotropic 
input 
Incoming angle, cl0 = cos B0 albedo 
a-value c-value 0.0469 0.2308 0.5000 0.7692 0.9531 R(a, 4 
- 
0.0 
0.5 
1.0 
0.2 
0.4 
0.6 
0.8 
0.2 
0.4 
0.6 
0.8 
0.2 
0.4 
0.6 
0.8 
approx. 0.0880 0.0675 0.0504 0.0402 0.0353 0.0455 
exact 0.0921 0.0679 0.0509 0.0410 0.0363 0.0463 
approx. 0.1906 0.1506 0.1152 0.0933 0.0826 0.1045 
exact 0.2005 0.1532 0.1176 0.0962 0.0857 0.1073 
approx. 0.3167 0.2597 0.2055 0.1701 0.1521 0.1876 
exact 0.3346 0.2671 0.2121 0.1771 0.1594 0.1947 
approx. 0.4904 0.4236 0.3531 0.3027 0.2759 0.3264 
exact 0.5183 0.4400 0.3680 0.3180 0.2913 0.3419 
approx. 0.0813 0.0609 0.0432 0.0324 0.0272 0.0380 
exact 0.0905 0.0636 0.0439 0.0322 0.0266 0.0384 
approx. 0.1762 0.1367 0.1004 0.0774 0.0659 0.0890 
exact 0.1963 0.1441 0.1034 0.0784 0.0660 0.0913 
approx. 0.2940 0.2379 0.1830 0.1458 0.1265 0.1637 
exact 0.3267 0.2529 0.1908 0.1504 0.1297 0.1705 
approx. 0.4605 0.3944 0.3228 0.2704 0.2420 0.2947 
exact 0.5059 0.4210 0.3410 0.2842 0.2536 0.3110 
approx. 0.0760 0.0547 0.0360 0.0245 0.0188 0.0304 
exact 0.0889 0.0591 0.0366 0.0231 0.0165 0.0302 
approx. 0.1647 0.1237 0.0855 0.0608 0.0484 0.0731 
exact 0.1918 0.1344 0.0882 0.0592 0.0447 0.0740 
approx. 0.2760 0.2180 0.1599 0.1201 0.0994 0.1393 
exact 0.3178 0.2371 0.1669 0.1203 0.0961 0.1432 
approx. 0.4366 0.3686 0.2934 0.2374 0.2066 0.2631 
exact 0.4912 0.3987 0.3090 0.2439 0.2084 0.2742 
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In reference to Table II it appears that the moment approximations are 
lower bounds on the true solution only for isotropic scattering; however, as 
is shown in the next section, this situation cannot be guaranteed and individual 
cases will have to be separately investigated. For anisotropic scattering the 
values shown in italics represent the cases where the lower bound criteria 
is violated. This is generally for small c-values and high a-values. 
It is to be noted that for many purposes these approximate moment 
solutions are of adequate accuracy and represent a considerable savings in 
computing time. 
LOWER BOUND DISCUSSION 
The conditions under which the moment approximations will be a lower 
bound can be estimated for the case of isotropic scattering since a closed form 
approximation is available. In order to study this condition the order-of- 
scattering expansion [6] to the true solution is utilized. This solution is found 
by expanding the solution in a power series in the c-parameter which is a 
valid expansion since c < 1. Physically this implies the calculation of each 
of the scattering orders separately and then summing them for the total 
solution. Since the series converges even for c = 1, it is apparent that the 
single-scattering solution will be the largest term; therefore by investigating 
this term a range of values where a lower bound exists may be established. 
The order-of-scattering albedo expansion is 
R(a, c, P, ~0) = $ caRa@, CL, ~0). (48) 
A=1 
Substituting Eq. (48) into Eq. (6) and equating like powers of c gives 
where only the single-scattering term is shown. A similar treatment for the 
approximate solution of Eq. (35) can be found by employing binomial 
expansions for the various terms. The first term in the expansion becomes 
Rr;l(O, ~9 PO) = &PO 1 + q1.L + PO) + 4wo 
where the superscript M implies the moment approximation. 
A direct comparison of these results with a = 0 gives 
R,(O, PL, ~0) - R%b PL, PO) = 
ppo(i + &PO - P - PO) 
(I” + PO) 11 + 2(P + PO) + 4wol 
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This indicates that in pp,,-space a lower bound occurs in half of the region 
only. This situation leads to the statement that only near equal values of p 
and pO would this lower bound exist. This would be expected particularly 
for low c-values but numerical experimentation shows that it is also apparently 
true for the complete range of c-values. Since the results in Table II represent 
an integration over the p-dependence, no additional lower-bound range can be 
easily established for this total albedo case. 
Equation (49) does also give a qualitative indication of the trend to be 
expected for nonisotropic scattering. As the value of a approaches unity, the 
albedo for near normal incidence and reflection, i.e., p = pO == 1, becomes 
very small; thus a lower bound would be much more difficult to approximate. 
This trend is shown by numerical experimentation as well as in Table II where 
the lower bound is not found for high a-values and near normal incidence. 
This nonlower bound also appears to exist for mostly low c-values, which 
indicates that the low-order scatterings dominate the result in that range. For 
high c-values multiple scattering effects become important and would seem to 
imply that the higher scattering terms in the moments approximation may in 
themselves be lower bounds when compared to the true solution. 
EXTENSIONS OF THE THEORY 
An obvious extension of this theory is to use higher order moments in 
evaluating Eqs. (12) and (13); however, from experience with moment-type 
solutions, it is usually not advantageous to evaluate higher moments at the 
expense of lower moments because of numerical difficulties. Thus high 
moments would not be advantageous. 
The procedure can be applied to other forms of nonlinear integral equations 
with equal success. For instance, the finite media albedo or transmission 
differential-integral equations [3] could be utilized, thus producing a coupled 
set or ordinary differential equations rather than algebraic equations. 
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